are present in CKCHC form so that a limiting degree of as-
sociation is reached at low temperatures. Although hydro-
gen bond energies are nearly the same for all the alcohols,
entropy values differ between four types: methanol, other
normal alcohols, secondary alcohols, and tertiary alcohols
(if steric effects are neglected). At low temperatures, the
normal alcohols approach a degree of association of two
while secondary and tertiary alcohols associate in larger
rings.

%he average entropy of association in the liquid was
found to be about 8 cal./mole °K. for methanol and
about 10 cal./mole °K. for the other alcohols from a
model similar to the gaseous model described.

NOTATIONS
Cp heat capacity

¢’y = heat capacity in the ideal gas state

H = enthalpy

n = number of moles of monomer and number of
monomer units in the n-mer

S = entropy

T = temperature

Greek Letters

AH, = enthalpy change for the formation of n-mer from
monomers

AS = entropy difference

A8y, = entropy of vaporization

) = deviation in degrees from a straight angle in the
structure of the hydrogen bond

Y = degree of association
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Properties of the Transient Heat Transfer

(Single Blow) Temperature Response Function

G. F. KOHLMAYR

Pratt and Whitney Aircraft Division, United Aircraft Corporation, East Hartford, Connecticut

A theoretical analysis of the transient heat transfer to
and from a liquid flowing through a porous medium has
been provided by Anzelius (1), Nusselt (2), Hausen (3),
and Schumann (4). Schumann’s analytical solution of the
so-called single-blow problem was used by Furnas (5),
and by Saunders and Ford (6) to determine the heat
transfer characteristics of porous media by matching ex-
perimental and theoretical temperature response curves.
The value of Schumann’s -analytical solution of the single-
blow problem is somewhat limited as it contains an infinite
series of Bessel functions which makes it inconvenient to
compute. Locke (7) observed that the number of terms
of the series, which must be summed to obtain a good
approximation, increases with the number of transfer units,

Vol. 14, No. 3

AIChE Journal

Niy. Locke’s maximum slope method avoids the computa-
tion of the Schumann solution. In their work on the ef-
fectiveness of regenerators, Hausen (8) and Allen (9)
have also shunned Schumann’s solution and resorted to
finite difference methods in solving the single-blow prob-
lem.

The purpose here is to derive a simple analytical solu-
tion of the single-blow problem which, although it is for-
mally equivalent to the Schumann solution, is computa-
tionally much more useful. In our analysis we will use the
double Laplace transform method. To exhibit the excellent
convergence properties of the new representation of the
solution, called response function, we will form two se-
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quences of upper and lower bounds, which converge to-
ward the solution,

THE MATHEMATICAL MODEL

According to Hausen (3), and Schumann (4), the heat
transfer to and from a fluid transfusing through a porous
core can be described by the following system of two
linear partial-differential equations:

3G ) =S (1)
0z
%§+ﬂaa=cma (2)

For a derivation of these equations, a discussion of the
basic assumptions made, and the definition of the so-called
reduced variables z and =, we refer to the book by Jakob
(10) and the paper by Pucci et al. (11).

The appropriate initial condition for the single-blow
problem for normalized temperatures is

5(z,7)|r=0=1 (3)

that is a constant temperature distribution in the porous
core. The boundary condition, for a step change of the
fluid temperature of the inlet cross section, is stipulated by

G(z,7)[z=0=0 (4)

ANALYTICAL SOLUTION

The analytical solution of the (characteristic initial
value or Goursat) problem expressed by Equations (1)
to (4) can be accomplished by using double Laplace
transforms. Let the double Laplace transform (DLT) of
G(z, ) be defined by

ﬁ(?’; ‘}) = L{G(zr 7)5?::?} -
=f J‘ G(z,7)e P97 dg dr (5)

0 [}

[see, for example, Sneddon (12)]. The DLT of §(z,r)
is obtained analogously. The DLT formulation of the
single-blow problem for a step change is then given by
the following two algebraic equations

(p+ 1)G(p,q) —8(p,q) =0 (8)

_ _ 1
—G(p,q) + (g +1)S(p.q) = (7)

and the DLT of the fluid temperature response function
G(z, ) is found as

1
Cip,q) = 8
. 4) plpg +p+q) ®)

For the remaining task of inverting G(p, q) one can
substitute the algebraic identity

1 1 i 1
P(P“‘l)l“ p g}(p+1)3+1 (9)

in the expression obtained by expanding G(p,q) in a

wi_ d 1 ! 1
pPg S (g + 1)itt E;) (p + 1)3+1

The last expression can be inverted immediately once the
elementary DLT pair

L{zi o ' 5 } 1

€Y —e P pgr= - .

T S Py s E
(11

is known. Thus one finds the following representation of
the fluid temperature response function:

] . i i
G(z,7) =1— e‘z_fz% 2-7—‘-
i=0 © =0 I’

(12)
=1—e*7 [ 1+7(1+z)

12( z2
+'2— 1+Z+-2—')+...]

The above expression can easily be computed as it con-
verges rather fast and does not give rise to roundoff errors.

UPPER AND LOWER BOUNDS

’_l‘he numerical evaluation of the response function re-
quires some approximation of G(z,7). We demonstrate
the convergence properties of consecutive approximations
of G(z,7) by studying the inequality (n =0, 1, 2, ...)

b i b

[1—G(z,7)]e**7 = 2 z 2 z

1 -
i=0 & i=0 ]'

= [1—=G(z,r;n)]estt (13)

which defines a sequence of lower bounds on G(z, r)

n—1 i
G(z, 1) = (1—8u0) [e‘f =

il

n—~1 ‘ri i zj

— g7 2 - 2 "T] (14)
i=0 1'! i=o0 I '

These bounds are ordered according to the inequalities

.. Z2G(zmn) =GR+ 1)=... =G(r 1)
(15)

and can be used to approximate G(z, 7). It is evident that
G(z,m;n) — G(z,7) as n — o (see Figure 1).

Turning now to upper bounds, we note first the alge-
braic identity

1 1 g+1

series: 5(p,q) =—— T e
. . pipg+pr+q) pg q(pg+p+q)
Gip.q) = ; : 10 1 3
PO = S grne (1 = -2 — .
- 1 , pg qlp+1) S (p+1)*2q(g+ 1)
1 : 1 } .
= >y — e N The identity (9), with g substituted for p, can be ap-
2(:, (g + 1)+ { P ,Z;) (p+ 1)t | plied to the infinite series in Equation (16); there resullt):s
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— 1 1 1
G(p,q) = —— - 17
P @) pg_qlp+1)  pq(p+1) H

I

0
1
2 (p+1>1+2 2 (q + D

a DLT which corresponds to another useful representation
of the response function:

> s

The above expression is equlvalent to that given by Equa-
tion (12). Similarly the inequality (N = 0,1, 2, ...)

—1 zitl i TJ
e#*7G(z,7) = (1 —38n,0) 2

S (i+ 1)1 = 7’
w0 Zi+1 i 7" N-—1 zit+1 i Tj
+ > =180 D, ————— >
§N<,+m§0,! Og(:,(z+1)15§07!
N 2
T . — —_— — pr+ .
+e {e (1—8n,0) ; ; ] e**7 G(z,1; N)
(19)
establishes upper bounds on G(z, 7), namely
c N) ( -1 zl+l i T‘i
Z,; =1+ 1_8,0 TETT e
(zr N >[ 2 G+ 1)t ;(;) il
(20)
—2 N zi
xabty
i=0
which are ordered according to
G(z,7)=...=G(z,5sN+1)=G(z,xN) = ...
(21)

and converge to G(z, 7), (see Figure 1).

1
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1000 b -
BoUNDS %°%[ N\
ON  oso0-
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oL s —

-0.200 1 1 1 . 1 i
0 2.000 4.000 6.000 8.000 10.000
T

Fig. 1. Sequence of upper and lower bounds on the single-blow
transient response function (z = 5.0).

FORMAL EQUIVALENCE WITH THE SCHUMANN
SOLUTION

It is a natural question to ask whether the two repre-
sentations of the transient response function expressedP
Equatxons (12) and (18) are formally equlvalent to Schu-
mann’s analytical solution. The latter is usually stated for
the case where the porous medium is heated. Below, it
will be restated for the cooling case; the fluid temperature
is then given by
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o an _
Gan) = e Z oo (reiva) e

where Jo(x) = 2 x2m/22m (m|)2 denotes a Bessel func-

tion of order zero F or the above case, the formal equiv-

alence is readily established. Consider first
© d‘n 0

zm Tm

3, gy eV = 2 m2 ol (m E )T
= ,.2=o gm' (m+n+1)' 29)

Upon the simple transformation of indexes i = m + n,
j = m, there follows

2]

(m+n+ DI m =2 i+ 1)

zmta+l .m

T

(24)
in agreement with the representation of the response func-
tion expressed by Equation (18).

CONCLUSION

In reducing transient heat transfer test data by the
conceptually attractive curve matching method, the single-
blow temperature response function is required. Two
representations of the response function have been pre-
sented here, both lending themselves to more efficient com-
putation than Schumann’s analytical solution, with which
they are formally equivalent. Thus it is no longer necessary
to resort to finite-difference methods when computing
theoretical response functions.
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NOTATION

G = normalized fluid (gas) temperature

S = normalized solid temperature

z = reduced length, dimensionless

T = reduced time, dimensionless

p = parameter of the double Laplace transform
q = parameter of the double Laplace transform
Ny = number of transfer units, dimensionless

S e
]

(=]
o
&,

= Kronecker symbol
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